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1. (30%) Apply an equivalence transformation x(t) = P(t)z(t), where P(t) e R™", to the
linear time-varying system
X(t) = A(t)x(t) + B(t)u(t)
y(t) =C(t)x(t) + D(t)u(t)
(a) Determine the system matrices A(t), B(t), C(t),and D(t) of the system with state
z(t).

2(t) = A(t)z(t) + B(t)u(t)
y(t)=C(®)z(t) + D(t)u(t)
(b) Justify that the state transition matrix of A(t) is D4 (t,7)= P (t)D,(t,7)P(7),

where ®@,(t,z) is the state transition matrix of A(t).

(c) Show that the linear state equation x(t) = A(t)x(t), x(t,)=x, is uniformly stable
iff the state equation z(t)=A(t)z(t) is uniformly stable given that P(t) is a
Lyapunov transformation.

2. (25%) Consider the linear time-invariant system

X = AX+bu 000 !

= AX+

{ o where A=|0 0 0| b=|-1|, and c=[1 -1 0].
y= 000 0
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(a) Justify that the system is neither controllable nor observable.

(b) Determine a state variable change with transformation matrix P to yield a special
form that displays the controllable subsystem and uncontrollable subsystem. Find
the corresponding system matrices and identify the controllable and uncontrollable
states.

(c) Determine a state variable change with transformation matrix Q to yield a special
form that displays the observable subsystem and unobservable subsystem. Find
the corresponding system matrices and identify the observable and unobservable
states.

(10%) Show that The linear system
X(t) = A(t)x(t) + B(t)u(t)
y(t) =C()x(t) + D(t)u(t)
is controllable on [t,,t;] ifthe nxn controllability Gramian
&

Wt t,) = [ @(t,, 1)BO)B' (D) (t, b

to

is invertible.

(15%) Consider the linear time-varying system

o & 0 b (t) .
x(t){o ajx(t){bz(t)}u(t) L oteltt,]

where a, #a,, b(t)=e*", and b,(t)=e*.

Determine if the system is controllable on [t,,t,] or not.

(20%) Consider the linear time-invariant system
0
1 ,and c=[2 1 0].

where A=

X = AX+Db
{x X + bu b

y = CX
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Build an observer-based controller to stabilize the process such that the eigenvalues of
the observer and the closed-loop state equation are given by {—1,—2,—3} and
{~1-1-1} respectively.



