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注意事項： 

1. 本試題共【5】題，配分共 100 分。 

2. 請按順序標明題號作答，不必抄題。 

3. 全部答案均須答在試卷答案欄內，否則不予計分。 
4. 考試時間:二小時。 

 
1. (a) (6pt) Give the definition of a probability measure P  on a measurable space ( , )Ω F .

(b) (6pt) Use the definition in part (a).  Let ,F G be two events, show 
that . ( ) ( ) ( ) ( )P F G P F P G P F G∪ = + − ∩

(c) (8pt) Let Q  be a set function defined on the measurable space where
((0,1]B  is the Borel field on the unit interval (0,1]  and Q  is defining by 
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 and c  is a constant. Is possible 

Q  be a probability measure on . Explain your answer. 
 

2. Let 1 2, ,  be i.i.d. nonnegative random variables with exponential probability 
density function [0, )

X X L

( ) ( )x
Xf x e I x−

∞= . Let X1max{ , , }n nY X= L . 
(a) (6pt) For a fixed  compute .  0,a > ( , )nP Y a>
(b) (6pt) If  compute0 ,a b< < 1( ,n nP Y a Y b+ )≤ > . 
(c) (8pt) Fix , and for  let  be the event that 0a > 1i ≥ iA iX a> . For a given m∈� , 

Find the probability that none of the events  occurs. What is the 
probability that at least one of the events  occurs. 

1, ,+ Lm mA A
,L1,m mA A +

 
3.  (a) (10pt) Prove the Weak Law of Large number: Let ( )n nX ∈�  be a sequence of 

uncorrelated random variables with common means i and EX u=
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(b) (10pt) Prove the Cauchy-Schwarz inequality: ,X Y  are square-integrable r.v.’s, then 
 with equality if and only if 2 2( ( )) ( ) ( )E XY E X E Y≤ 2 0X Yλ+ = . 

 
4. (a) (5pt) Give the definition of an independent increment process. 

(b) (5pt) Give an example of independent increment process and verify it. 
(c) (5pt) Give the definition of a stationary process. 
(d) (5pt) Give the definition of an random sequence ( )n nX ∈�  converges almost surely 

(with probability one). 
 

5. Let  be a i.i.d. random process with alphabet {0,1} and { ; 0,1,2, }nX n = L

( 1) 0nP X ρ= = > . Define the random process { ; }nW n∈�  by 1X −n n nW X= ⊕  where 

⊕  is mod 2 addition(i.e. 1
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(a)  (6pt) Find the pmf ( )
nWp k of nW . 

(b)  (6pt) Find the Correlation function ( , )WR i j of { ; }nW n∈� . 
(c)  (8pt) Show that { ; }n  is a wide-sense stationary process and find its power 

spectral density ( )WS f . 
W n∈�

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 




