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1. (a) 3pt) Let X be arandom variable on a probability space (€, F,P). Give the
definition of the distribution of the random variable X .
(b) (9pt) State and prove the basic three properties of the cdf F, (x)= P(X <x).

(¢) (5pt) Let Q=(0,1",F :B((O,I]Z) and P be a probability measure with uniform
density (@,,@,)e(0,1]" f(@,,@,)=1. Define the a real-valued function X on Q
by X(o.®,)=min{m,,}.Find cdfof X.

(d) (5pt) X,,---,X, arei.i.d. random variables with common marginal cdf F, . Let

Z =min X,. Find the cdf of Z.

1<i<n

2. Consider the probability space((0,1], B((0,1]), P), where P be a probability measure with
uniform density on (0,1].
(a) (6pt) Define the random variables X (@) = 1, 5(@), Y (@) =21 ¢, /(@) + 41,5, (@) and

1 A
Z(w) =31 (@) + 515, (@) for @eQ where IA(aJ)={0 a)ZA is a indicator
. : ' @
function. Let V=X+Z7Z and W =max{Y,Z}. Find o(X), oY) and o(W).
(b) (4pt) Find the cdfs and pmfs of V' and W.
(c) (4pt) Define a random vector {X,.ke{l,2,...,n}} on ((0,1],B((0,1]),P) such that
Pr(X, =1)=Pr(X, =0)=1/2 forall £ and Pr(X,=1X,=1)=1/4 for i#j.

(d) (4pt) Show that {X, ,ke{l,2,...,n}}in part (c) is a i.i.d. process.



3. A random process {X,;f>0} such that for 0=¢, <f, <---<t,, the joint characteristic

function of P . N is given by

¢X“,,-~-,X,n (Uys--o14,) = exp{—%z—z;(l‘,- =t Ny + 4+ un)Z}.

(a) (4pt) Find characteristic function ¢Xm(u0) and cdf Fy (x) of random variable
A

(b) (6pt) Show that the increments ¥, =X -X, , Y,=X y —Ky 5 s 5 and
Y,=X —X, areindependent.

(c) (5pt) SNhOW ﬂthat the process is Gaussian and compute the covariance of
cov(X, , X f]_).

(d) (Spt)Is {X,;r=0} anindependent stationary increment (i.s.i) process? Justify tour
answer.

4. (a) (10 pt) Give the definitions of a random sequence {X,;neN} converge in the

following five modes: point wise convergence, almost sure convergence, convergence
in probability, convergence in » th mean forr >1, convergence in distribution.
(b) (5pt) Let ((0,1], B((0,1]),P) be a probability space with pdf f(@)=1; @ e(0,1].

Determine whether the sequence {X, ;n=12,...} of random variables defined by

Xn(a))=~./glm,”n](a)) converges in any of following modes: almost sure

convergence, convergence in probability, convergence in 7 th mean forr >1.
() (5pt) Let X, X,,... be iid. random variables. Define ¥, =max X, . Determine

i<n

whether the sequence {Y ;n=12,...} ofrandom variables converges in distribution.

5. (a) (5pt) Give the definition of a wise-sense stationary process.
(b) (5pt) Give the definition of a stationary process.
(¢) (5pt) Give an example of a random process such that it is stationary and dependent.
Explain your answer.
(d) (5pt) Show that a stationary process is also a wise-sense stationary process



